Scale invariant theories are often used to address the hierarchy problem, however the regularization of their quantum corrections introduces a dimensionful coupling (dimensional regularization) or scale (Pauli-Villars, etc) which break this symmetry explicitly. We show how to avoid this problem and study the implications of a manifestly scale invariant regularization in (classical) scale invariant theories. We use a dilaton-dependent subtraction function µ(σ) which after spontaneous breaking of scale symmetry generates the usual DR subtraction scale µ( σ ). One consequence is that "evanescent" interactions generated by scale invariance of the action in d = 4 − 2ǫ (but vanishing in d = 4), give rise to new, finite quantum corrections. We find a (finite) correction ∆U (φ, σ) to the one-loop scalar potential for φ and σ, beyond the Coleman-Weinberg term. ∆U is due to an evanescent correction (∝ ǫ) to the field-dependent masses (of the states in the loop) which multiplies the pole (∝ 1/ǫ) of the momentum integral, to give a finite quantum result. ∆U contains a non-polynomial operator ∼ φ 6 /σ 2 of known coefficient and is independent of the subtraction dimensionless parameter (z). A more general µ(φ, σ) is ruled out since, in their classical decoupling limit, the visible sector (of the higgs φ) and hidden sector (dilaton σ) still interact at the quantum level, thus the subtraction function depends on the dilaton only. The method is useful in models where preserving scale symmetry at quantum level is important. *
Introduction
There has recently been a renewed interest in the scale invariance symmetry to address the hierarchy or the cosmological constant problems. Scale symmetry is not a symmetry of the real world since it requires that no dimensionful parameters be present in the Lagrangian. One can impose this symmetry on the Lagrangian at the classical level, to forbid any mass scales. At the quantum level, the anomalous breaking of scale symmetry is in general expected. This is because regularization of the loop corrections breaks this symmetry explicitly, either by introducing a dimensionful coupling as in dimensional regularization (DR) or a mass scale (Pauli-Villars, cutoff regularizations, etc). Therefore, the presence of a subtraction (or renormalization) scale µ, breaks explicitly the (classical) scale invariance of the theory and ruins the symmetry one actually wants to study. In DR the scale µ relates the dimensionless couplings to the dimensionful ones, once the theory is continued analytically from d = 4 to d = 4 − 2ǫ dimensions. For example, the quartic coupling (λ φ ) of a Higgs-like scalar field φ acquires a mass dimension, since
where renormalized λ (r) φ is dimensionless. Thus, the DR scale µ breaks scale invariance 1 . To avoid this problem in theories in which scale-invariance must be preserved during regularization, we use a scheme in which the couplings become field-dependent, something familiar in string theory. Indeed, one can replace the scale µ by a function µ(σ), µ → µ(σ) [1] (also recent [2] ), where the field σ is the dilaton 2 ; for example µ(σ) ∝ σ. Of course, σ must subsequently acquire a non-zero (finite) vev, otherwise this relation does not make sense due to vanishing power (ǫ → 0) in eq. (1) . One cannot just replace µ by the vev of the field σ, since this would simply bring back the original problem. One therefore needs a spontaneous breaking of the scale symmetry. When the (dynamical) field σ acquires a vev, scale invariance is broken with the dilaton σ as its Goldstone mode. This can happen in a framework which includes (conformal) gravity in which the dilaton vev is related to the Planck scale. In this paper we shall not include gravity, but assume the dilaton acquires a vev spontaneously (fixed e.g. by Planck scale physics) and search for solutions σ = 0.
The goal of this paper is to investigate the quantum implications of a manifestly scaleinvariant regularization of a theory that is classically scale invariant, using a dilatondependent subtraction "scale". This is important since scale invariant theories, see e.g. [3] - [22] , do not seem to be renormalizable [23, 24] , in which case the regularization of the loops should preserve all initial symmetries to avoid regularization artefacts [25] . This motivated our work, relevant for theories which study scale invariance at quantum level.
This paper continues a previous study [2] , with notable differences and new results outlined below. Consider a scale invariant theory of higgs-like φ and dilaton σ (other fields may be present). In "usual" DR, quartic couplings become dimensionless by replacing λ → µ 2ǫ λ, see eq.
(1) and this changes the scalar potential V (φ, σ). For a field-dependent subtraction function µ(σ) this change is V (φ, σ) →Ṽ ≡ µ 2ǫ (σ) V (φ, σ) which is scale invariant in d = 4 − 2ǫ (as it should).Ṽ acquired new "evanescent" interactions 3 due to the field dependence of µ(σ). This step generates new, finite corrections at the quantum level. For example, we obtain a scale-invariant one-loop potential U (φ, σ) which contains a finite (quantum) correction ∆U (φ, σ) beyond the "usual" Coleman-Weinberg term [26, 27] for the higgs φ and dilaton σ. ∆U is a new correction overlooked by previous studies [2] and at the technical level it arises when the "evanescent" correction (∝ ǫ) to the field-dependent masses 4 in the loop, multiplies the poles 1/ǫ of the loop integrals, thus giving a finite correction! Note that ∆U contains non-polynomial operators like φ 6 /σ 2 of known coefficient; such new operators generate in turn polynomial effective operators, when expanded about σ = 0 ( σ can be arranged to be much larger than the electroweak vev φ , see later).
The subtraction function cannot also depend on the higgs field φ (as in [2] ) since this would bring non-decoupling quantum effects of the visible sector (φ) to the hidden sector (σ) even in their classical decoupling limit. As a result, the dilaton-only dependent subtraction function must be of the form µ(σ) = z σ where z is an arbitrary dimensionless parameter. Unlike total U (φ, σ), ∆U is independent of the subtraction scale (z σ ), being finite. Of course physics must be independent of the parameter z, so we check that our potential respects the Callan-Symanzik equation, see [5] for a discussion.
Assuming the couplings are initially tuned at the classical level to enforce a hierarchy φ ≪ σ , we show the quantum correction to the mass of φ, due to ∆U , remains small without additional tuning. With this scale-invariant regularization and spontaneous breaking of this symmetry one can address the hierarchy problem at higher loops.
In the case of a field-dependent subtraction function there is no initial subtraction scale present in the theory, so there is no dilatation anomaly. Note that it is possible that a theory be quantum scale invariant and the couplings still run with the momentum scale [5, 6] . One first performs loop calculations with a field-dependent regularization. After spontaneous breaking of scale symmetry σ = 0, the subtraction scale and all masses and vev's of the theory are generated, proportional to 5 σ . After regularization and renormalization one can eventually decouple the dilaton, by taking the limit of vanishing couplings for it, while keeping the masses of the theory fixed [5] 6 . After introducing the model (Section 2) we present the scale invariant result of the one-loop potential for a general subtraction function (Section 3); this function is shown to depend on the dilaton only (Section 4); the implications for the mass of φ are addressed (Section 5) and the Callan-Symanzik equation verified (Section 6), followed by Conclusions. 3 These are defined as interactions absent in d = 4 (ǫ = 0) but generated in d = 4 − 2ǫ by scale invariance. 4 These masses are ∂ 2Ṽ /∂α∂β, α, β = φ, σ and contain corrections ∝ ǫ from derivatives of µ(σ), see later. 5 In a scale invariant setup, in the absence of gravity, one can only predict ratios of fields vev's. 6 With scale invariance broken by gravity, the dilaton couplings to matter are expected to be very small.
A generic model
Consider a Lagrangian with two real scalar fields
The potential in d = 4 scale invariant theories has the structure V (φ, σ) = σ 4 W (φ/σ) and is an homogeneous function, therefore it satisfies the relation 7 φ ∂V /∂φ + σ ∂V /∂σ = 4V . Using this and with the notation x = φ/σ, the extremum conditions for V (∂ φ V = ∂ σ V = 0) can be written as W (x) = W ′ (x) = 0 if we assume that σ , φ = 0. One of these conditions fixes the ratio of the fields vev's, while the second implies a relation (tuning) among the couplings. If x 0 = φ / σ is a solution to these two conditions, then φ is proportional to σ which means that a flat direction exists [3] in this theory, along the line in the plane (φ, σ) with φ/σ = x 0 . Also since W (x 0 ) = 0 on the ground state, then V ( φ , σ ) = 0. Thus, in scale symmetric theories a vanishing vacuum energy at a given order of perturbation theory demands a tuning of the relation among couplings in that order. An example of a scale invariant potential that we consider below is
where note that the couplings can depend on φ/σ, more fields be present, etc. In the simple case the couplings are independent of φ/σ, minimizing this V gives
One can distinguish the following situations: Case a): The ground state is σ = 0, φ = 0 and both fields are massless. Case b): A more interesting case that we study in this paper is that of spontaneous breaking of scale symmetry when σ = 0. A solution to both equations in (4) then exists for σ < ∞ (finite), then also φ = 0, and a non-trivial ground state exists provided that λ 2 m = λ φ λ σ and λ m < 0, which we assume to be true in the following. Then
Then a spontaneous breaking of the scale symmetry implies electroweak symmetry breaking at tree-level, with a vanishing cosmological constant; it also demands the existence of a finite (non-zero) scale σ (unknown) in the theory. All scales are then generated by σ 8 .
Further, one shifts the fields φ → φ + φ and σ → σ + σ and Taylor expands about the ground state. The mass eigenstates areφ = φ cos α + σ sin α andσ = −φ sin α + σ cos α where tan 2 α = −λ m /λ φ > 0. A flat direction exists, so one field (dilaton σ) is massless while the second field φ that would be the Higgs boson in a realistic model, has a mass
Ultimately, scale invariance is expected to be broken by Planck physics, thus σ will acquire a large vev, σ ∼ M Planck . If one would like to implement a hierarchy with mφ ∼ φ ∼ O(100 GeV) ≪ σ , one should tune accordingly the couplings λ σ ≪ |λ m | ≪ λ φ . Such hierarchy of couplings is possible [15, 28] . It was observed [15] that the shift symmetry of the dilaton enables the couplings λ m,σ to remain ultra-weak under RG evolution.
One would like to know if at the quantum level this tree-level tuning is enough or additional tuning (beyond that of λ m ) is required to maintain this hierarchy and mφ light. Indeed, at one-loop dangerous corrections can emerge, like m 2 φ ∼ λ 2 φ σ 2 that would require additional tuning (of λ φ ) and would re-introduce the hierarchy problem.
Scale invariance of 1-loop potential and effective operators
To compute the one-loop potential, consider the DR scheme in
To render the couplings dimensionless, one uses the DR scale µ and replaces λ → λµ 4−d . The scale µ breaks the classical scale invariance. To avoid this problem and to preserve this symmetry during regularization replace µ by a field-dependent function (unknown 9 ), so
Then the one-loop potential, that manifestly respects scale invariance, is found from 10 about this dependence, not studied here). Thus, although there are no scales in the initial theory, infinite or vanishing values for the fields are excluded in spontaneous breaking of scale symmetry. 9 This function is assumed to be non-zero, finite, continuous, differentiable, and is determined later. 10 Formula (9) is derived in the usual diagrammatic approach (forṼ ) and is valid at one-loop (even in non-renormalizable cases, if no higher derivative operators exist and kinetic terms are canonical). Beyond one-loop more vacuum "bubble" diagrams exist and then formula (9) receives corrections [29] .
The sum is over the eigenvalues 11M 2 s of the matrix (
where
and 
Then
The last term is due to the field dependence of µ and its origin is in the second "evanescent" term in the rhs of eqs. (12) which cancels the pole to give a finite contribution. We adopt the usual M S scheme here, in which case the counterterms are 12
11 For any values of the fields, det(M 2 ) αβ is positive provided that λ
2)] and that λ φ , λσ, λm have all the same sign. The eigenvalues are positive if λ φ , λσ, λm are positive. If λm < 0, λ φ , λσ > 0 one eigenvalue is negative. For λ 2 m outside this interval, restrictions apply to the ratio φ 2 /σ 2 for which the eigenvalues are both positive. Note that even in the Standard Model, the Goldstone mode (negative) field dependent squared mass leads to complex and infrared divergent corrections and then only the real part of the potential is included. A resummation of higher orders in V fixes this well known problem [30, 31] (see also [16, 32] ). Here we proceed in general and do not study this issue that affects the Coleman-Weinberg term only, but refer the reader to [30, 31] . 12 One can use other subtraction schemes e.g. δUc.t.
one finds the renormalization coefficients
These Z's have expressions identical to those obtained at one-loop with µ a constant. After adding the counterterms δU c.t we can safely take the limit d → 4 in the remaining terms (µ = 0), so the renormalized one-loop potential is
In the above M 2 s (s = φ, σ) are the eigenvalues of the matrix V αβ , given by the roots of equation
is a scale-invariant one-loop result. It is a modified version of the ColemanWeinberg potential (recovered if µ is a constant) and contains an additional correction (∆U ). Note that ∆U is not exactly a counterterm but a finite one-loop effect induced by scale invariance. It is generated when the "evanescent" coefficient (4 − d) in the fielddependent masses of eq.(12), multiplies the pole 1/(4 − d) of the one-loop integral 14 . This effect is missed in calculations that are not scale invariant such as the usual DR scheme. Note also that ∆U vanishes on the tree-level ground state.
∆U contains non-polynomial operators. Even in the minimal case of taking µ ∼ σ, then the terms in ∆U proportional to V V σσ contain a φ 6 /σ 2 term. Similar effective operators are expected to be generated in higher orders. Further, one can Taylor expand the expression 13 For the particular V of eq.(3), the eigenvalues Ms (s = φ, σ) of (M 2 ) αβ are
14 In higher orders, a n-loop pole 1/(4 − d) n , upon multiplication by the 4 − d coefficient will actually generate a 1/(4 − d) n−1 pole, i.e. what we consider usually to account for n − 1 loop effects. Thus, the order of the singularity is not identical to the loop order in this case.
of the potential about the ground state, using σ = σ +δσ, with δσ a quantum fluctuation. When doing so, the operator φ 6 /σ 2 becomes a series of effective (polynomial) operators
To proceed further, one needs the general expression of the function µ = µ(φ, σ). Let us first take µ = µ(σ) only, which will be justified in the next section; in this case the only possibility is
which, as a "DR scale", requires σ = 0, σ < ∞. To be exact, we actually take µ(σ) = z σ 2/(d−2) [5] , which accounts for the mass dimension of the field σ. For one-loop case only (as here) it is safe to use at this stage its limit for d → 4, so µ = z σ. Here z is an arbitrary dimensionless parameter and the dependence of U on z is equivalent to the familiar subtraction scale dependence of U in the "usual" regularization. With eq. (22), one obtains the following form of ∆U , which is independent of z
and only the Coleman-Weinberg term depends on z. With V of eq.(3)
As anticipated, notice the presence of the non-polynomial operator ∼ φ 6 /σ 2 . This operator is suppressed at large σ or for small mixing (λ m ) between φ and the dilaton σ. The sign of this operator is controlled by λ m , assuming λ φ > 0. When λ m < 0, the term λ m φ 6 destabilizes the potential for large values of φ. A tuning |λ m | ≪ λ φ can compensate to render this term of similar size to φ 4 terms; also higher loop orders can generate similar effective operators that may stabilize the potential globally. For the special case of a non-trivial classical vacuum of eq. (5), when λ 2 m = λ φ λ σ , eq.(24) becomes
This expression vanishes on the tree-level ground state 15 , (see eq.(5); λ m < 0, λ φ > 0). 15 At the loop level the ground state is changed slightly, but we ignore that effect here.
In conclusion, the expression of U at one-loop is manifestly scale invariant
with ∆U as in eqs. (24) or (25) and V of eq. (3); note that the "standard" Coleman-Weinberg term is modified into a scale invariant form. This is the main result of this section, valid under our assumption µ(σ) = zσ. Further, U can be Taylor expanded about σ . With no mass scale in the theory, from minimising U one can only predict ratios of vev's, so all masses are generated by σ after spontaneous breaking of scale symmetry.
More general µ(φ, σ) and implications
The subtraction function could in principle be more general and could depend on φ too, µ = µ(φ, σ). In this section we show that such dependence is not physical and conclude that µ must be a function of the dilaton only. First, consider the following example
This was used in earlier similar studies [2, 4] where scale invariant models had a nonminimal coupling to gravity, with this expression to fix the Planck scale upon spontaneous breaking of scale symmetry 16 . With this µ and V of eq.(3) one finds that ∆U contains leading power terms φ 8 and σ 8 as shown in
The dots stand for remaining φ 6 σ 2 , φ 4 σ 4 and φ 2 σ 6 terms which we do not display since their coefficients are too long. The coefficients of φ 8 , σ 8 are positive irrespective of the values of ξ φ,σ , if λ 2 m ≥ 21 2 λ φ λ σ , (with λ φ,σ > 0). This condition is not respected on the ground state of V (with λ 2 m = λ φ λ σ ). We thus encounter terms unbounded from below, that otherwise vanish on the tree level ground state. A small fluctuation about the critical point can then destabilize the potential.
It is intriguing that even if the classical V contains no interaction terms between "visible" (φ) and "hidden" (σ) sectors, i.e. λ m = 0, such terms are still generated by quantum corrections, for µ(φ, σ) of eq. (27) . Indeed, one has 16 The non-minimal coupling is LG = − 1 2 (ξ φ φ 2 + ξσ σ 2 ) R, and is added in some models to generate the Planck mass from µ(σ, φ...), in (spontaneously broken) scale invariant theories [2, 4] . The relative signs of ξ φ , ξσ are important to ensure a positive Newton constant (for a review see [33] ). When going to the Einstein frame, this coupling generates a suppression of the tree level potential by a factor 1/(ξ φ φ 2 +ξσ σ 2 ) 2 , while in the case discussed in the text (where no such coupling is included), such suppression is shown to be generated in ∆U at 1-loop, see later.
This simplifies further if also λ σ = λ 2 m /λ φ → 0, but the term ∝ ξ φ ξ σ λ 2 φ φ 6 σ 2 does not vanish. Such term ultimately arise from the expression of the µ-dependent factor inṼ , via terms like µ φ V φ V φφ and (µ µ φφ − µ 2 φ )V φφ in eq. (19) . The two sectors still "communicate" at the quantum level, due to scale invariance even if they are classically decoupled! This concerning effect is only removed for vanishing ξ φ or ξ σ , which means µ ∝ σ. 17 More generally, consider
Here g is some arbitrary function of the ratio φ/σ. In this case, in the classical "decoupling" limit λ m → 0, also with λ σ = λ 2 m /λ φ → 0, there are non-vanishing quantum interactions terms
Again, the two sectors still communicate at the quantum level only. To avoid such concerning behaviour, we must take g = 0 (or constant) 18 . Therefore, the subtraction function is independent of φ and thus µ(σ) = z σ. This result is the minimal scenario used in the previous section and justifies our choice in eq. (22) and our result in eq. (26) . We conclude that it is the dilaton alone that generates the subtraction scale after spontaneous breaking of scale symmetry.
The mass spectrum
Let us minimise the one-loop potential U . We restrict the analysis to the simpler case of a hierarchy of the couplings considered in [2, 15] . We take
To enforce this hierarchy, introduce λ m =λ m ε and λ σ =λ σ ε 2 , where ε ∼ 1/M 2 Planck ≪ 1, and λ φ ,λ m andλ σ are now of similar magnitude. One then expands
One can minimise U and find the solution for φ / σ that satisfies U φ = U σ = 0; U being manifestly scale invariant, these conditions ensure a flat direction exists and also that vacuum energy vanishes in this order. To the lowest order in ε, one finds
This brings a correction to the tree level case, eq. (5); here λ m < 0, λ φ > 0 and λ 2 m = λ φ λ σ . To obtain eq.(34) we fixed the subtraction parameter z under the log term in U to
on the ground state. This value for µ is the standard choice for the subtraction scale, made to minimize the Coleman-Weinberg log-term dependence on it. As mentioned, ∆U itself is scheme-independent (being independent of z).
The potential in (33) is scale invariant, the dilaton remains massless at one-loop while the higgs-like scalar φ has a mass
Let us consider only the contribution δm 2 φ from ∆U alone to the mass of φ. The interest is to examine if potentially "dangerous" corrections of the type λ 2 φ σ 2 , etc, can emerge from the new contribution ∆U . These would require an additional tuning (of λ φ ) beyond that of λ m done at the tree level, in order to keep φ light compared to σ ∼ M Planck . In general, one has
where ρ = φ 2 / σ 2 . This mass correction contains terms proportional to λ m or λ σ = λ 2 m /λ φ ≪ λ m but not to λ φ alone. Therefore no extra tuning is needed beyond that at classical level of eqs. (5), (6) , in order to maintain δm 2 φ and m 2 φ ∼ φ 2 ∼ λ m σ 2 close to the electroweak scale. It is possible that this nice behaviour survives to higher or all orders, as a result of the manifest scale invariance and spontaneous breaking of this symmetry.
This suggests that the hierarchy problem could be solved with only one initial (classical) tuning of λ m (no tuning of higgs self-coupling λ φ ).
Further remarks
The method we used to generate dynamically the subtraction scale of the DR scheme as the dilaton vev deserves further study.
First, note that the potential U must respect the Callan-Symanzik equation i.e. it must be independent of the choice of the dimensionless parameter z and thus of the subtraction scale z σ after spontaneous scale symmetry breaking [5] . In our one-loop approximation this demands that
where U is that of eq. (26) and ∆U of (24) and the Coleman-Weinberg term is the only one that depends explicitly on z. To check if condition (38) is respected, we need the oneloop beta functions of the theory; these are obtained from the condition that the "bare" couplings of the Lagrangian are independent of subtraction scale z σ , where z is arbitrary:
, where j = φ, m, σ (fixed) and Z λ j are given in eq. (17) 19 . One finds
which are the same as in the case the theory was regularized with µ =constant 20 . Using these beta functions one easily checks that eq. (38) is respected. This shows that the change of parameter z is "moved" into the running couplings 21 of the potential and physics is indeed independent of z: U (λ j (z), z) = U (λ j (z 0 ), z 0 ), where j = φ, m, σ and z, z 0 are different subtraction parameters (ultimately corresponding to subtraction scales z σ , z 0 σ ). Regarding renormalizability of scale invariant models, previous studies [23] identified at three-loop order a UV counterterm to the original Lagrangian L, of the form
19 To be exact, in d = 4 − 2ǫ, one actually imposes d (zσ) 2ǫ λj Z λ j /d ln z = 0, giving that beta functions are shifted from those above, β λ j = −2ǫλj + (...) where (...) denotes the rhs in each of eqs.(39).
20 This is expected since we only found new finite terms, but no new counterterms. 21 Thus there is no dilatation anomaly, yet the couplings still run as usual [5, 6] In [23] µ ∼ (ξ φ φ 2 + ξ σ σ 2 ) 1/2 , just like in eq. (27) . This UV divergence was due to a new vertex generated by the Taylor expansion of µ(φ, σ) wrt φ; this vertex is ultimately due to new interactions that µ(φ, σ) itself brought inṼ but absent in initial V ! Given this counterterm, the theory is then non-renormalizable and non-local. The same conclusion is expected for any subtraction function that depends on additional fields other than dilaton. However, we showed that µ = z σ (Section 4), so the above three-loop counterterm is absent because we have ξ φ = 0. Despite this, the standard expectation is that higher loop orders still generate higher dimensional counterterms and the theory is non-renormalizable, due to the presence in U of the non-polynomial term φ 6 /σ 2 (one can still explore the possibility that in a scale symmetry-preserving calculation, all poles in quantum corrected L be those that renormalize its initial couplings and fields only (i.e. renormalizability), without other UV counterterms. This problem deserves careful investigation and is beyond the goal of this paper).
As a result of a manifestly scale-invariant regularization, the (mass) 2 of φ contains: quadratic contributions λ m σ 2 and corrections suppressed by 1/ σ 2 , in addition to loglike terms ln σ ∼ ln µ present in the "usual" DR scheme. Our method to generate the subtraction scale via spontaneous breaking in a dilaton-modified DR can also be implemented in other regularizations. Also note that the role of µ ∼ σ as a finite, non-zero "DR scale" means that only non-zero, finite σ is allowed. In fixing its actual numerical value, Planck scale physics (gravity) is expected to play a role.
Although we do not explore them here, our results can have interesting applications to phenomenology, such as model building beyond Standard Model (SM) [13, 14, 15] . 
The last two lines give the new correction ∆U , while in all CW terms one uses µ = zσ with z = φ / σ . This equation can be used as the starting point in phenomenological studies.
22 This is just the SM with no classical mass term for the higgs in the Lagrangian.
for Goldstone bosons, real scalars, gauge bosons, top, respectively, with (NG, NS, NW , NZ , Nt) = (3, 1, 6, 3, −12). Ci = 3/2 for fermions or scalars and 5/6 for gauge bosons.
with H = (0, φ)/ √ 2 (unitary gauge).
Conclusions
Scale invariant theories are often considered to address the hierarchy problem of the Standard Model. However, the regularization of their quantum corrections breaks explicitly the scale symmetry that one wants to study. This is because all regularizations introduce a dimensionful parameter e.g. the couplings in DR, the UV scale in other regularizations, etc. One can avoid this problem by using a manifestly scale invariant regularization in which the Goldstone mode of this symmetry (dilaton) plays a central role. We used a dilaton-dependent subtraction function µ = µ(σ) that replaces the ordinary subtraction scale. We applied this procedure to the DR scheme, to obtain a scale invariant one-loop scalar potential U (φ, σ) for the (higgs-like) scalar φ and dilaton σ. After spontaneous breaking of scale invariance when σ = 0, all mass scales of the theory, including the "usual" subtraction scale, are generated from this single vev. The scale invariance of the action in d = 4 − 2ǫ and the usual rescaling λ → µ 2ǫ λ that ensures dimensionless quartic couplings, change the potential V (φ, σ) → µ(σ) 2ǫ V (φ, σ) which now contains new ("evanescent") interactions due to the field dependence of µ. At the quantum level, these interactions generate new, finite corrections.
We found a new, (finite) one-loop correction ∆U to the potential, overlooked by previous studies, that is present beyond the usual Coleman-Weinberg term which is also modified into a scale invariant form. For the minimal case µ(σ) = z σ, it was shown that ∆U also contains a non-polynomial operator ∝ φ 6 /σ 2 with a known, finite coupling. After spontaneous breaking of scale invariance, this operator generates a series of (polynomial) terms suppressed by powers of σ = 0. At higher loop orders, more such operators are expected.
Technically, ∆U is generated from an evanescent correction (∝ ǫ) to the field-dependent masses of the states "running" in the loop correction to the potential, which cancels the pole (∝ 1/ǫ) of the momentum integral, to give rise to a finite ∆U . And since it is finite, ∆U was found to be independent of the subtraction (dimensionless) parameter (z). Of course physics must be independent of the parameter z and of the subtraction scale µ( σ ) = z σ after spontaneous breaking of scale symmetry. We showed this by verifying that the one-loop potential U (φ, σ) respects the Callan-Symanzik equation.
Further, the correction from ∆U to the mass of the higgs-like scalar φ remains under control (small) without additional tuning beyond that done at the tree-level to enforce the hierarchy φ ≪ σ . It is possible that this behaviour survives in higher orders, in a manifest scale invariant calculation. This could provide a solution to the hierarchy problem beyond the one-loop order discussed here.
More general subtraction functions that depend on both σ and φ were ruled out since in this case there are quantum operators that force the visible (φ) and hidden (σ) sectors to interact in d = 4 even in their classical decoupling limit! Avoiding this behaviour dictates that the subtraction scale is generated by the dilaton only (µ ∼ σ), as considered above.
This study and the scale-invariant regularization are of interest to theories that study scale invariance at the quantum level.
